Abstract. Fix integers r, k, g with r > k > 0 and g ≥ 2. Let X be an integral projective curve with g := pa(X) and E a rank r torsion free sheaf on X which is a flat limit of a family of locally free sheaves on X. Here we prove the existence of a rank
Introduction
A classical theorem of C. Segre and M. Nagata gives an upper bound (i.e., g) for the minimal self-intersection of a section of a ruled surface over a projective curve X of genus g. If the ruled surface is isomorphic to P(E) with E rank two vector bundle on X and L is a rank 1 subbundle of E with deg(L) maximal, this theorem is equivalent to the inequality deg(E) − 2(deg(L)) ≤ g. This result was extended by S. Mukai and F. Sakai to the case of vector bundles on X ( [15] ). In this paper we want to study the corresponding problem for a singular curve. On a singular curve it is natural to consider torsion free sheaves and not only locally free sheaves. However, in general we give an affirmative answer to the corresponding problem only for a torsion free sheaf which is a flat limit of a flat family of locally free sheaves (see Theorem 0.1). This is not a restrictive assumption if and only if X has only planar singularities ( [17] ).
Let X be a reduced and irreducible projective curve of genus g defined over an algebraically closed field K with arbitrary characteristic. For any coherent sheaf F on X whose generic rank is r set deg(F ) := χ(F ) + r(g − 1) = χ(F ) − rχ(O X ) and, if r > 0, µ(F ) := deg(F )/r. Fix integers r, k with r > k > 0. Let E be a rank r torsion free sheaf on X and A a rank k subsheaf of E such that deg(A) is the maximal degree of a rank k subsheaf of E. Set s k (E) := k(deg(E)) − r(deg (A) ) and call the integer s k (E), 1 ≤ k ≤ r − 1, a Lange invariant of E. The name is due to the nice use of these invariants in the case of a smooth curve made in [11] . Notice that A is saturated in E (i.e. E/A has no torsion) by the maximality of deg(A) and that s k (E) = k(r − k) ( 
µ(E/A) − µ(A)).
Notice that E is stable (resp. semistable) if and only if s k (E) > 0 (resp. s k (E) ≥ 0) for every integer k with 1 ≤ k ≤ r − 1.
In the first section of this paper we prove the following result.
Theorem 0.1. Let X be an integral projective curve of arithmetic genus g ≥ 2.
Fix integers r, k with r > k > 0 and let E be a rank r torsion free sheaf on X which is the flat limit of a family of locally free sheaves. Then s k (E) ≤ gk(r − k).
The main aim of this paper is to show that torsion free sheaves on non-Gorenstein projective curves may have several pathological properties (see section 2). One of our examples gives the following result.
Theorem 0.2. For every integer g ≥ 9 there exists an integral projective curve X with g = p a (X) with a rank 2 torsion free sheaf E on X such that s 1 (E) > g.
For another pathological property, see Theorem 2.6. The author wants to thank V. Barucci for several e-mail conversations. The author was partially supported by MURST and GNSAGA of CNR (Italy).
Proof of 0.1
Fix Q ∈ X reg and a rank r torsion free sheaf F on X. For any Q ∈ X, K Q will denote the skyscraper sheaf on X with Q as support and h 0 (X, K Q ) = 1. Let F |{Q} be the fiber of F over Q. Since F has rank r, F |{Q} is an r-dimensional vector space over K. Fix a linear surjective map f (Q) : F |{Q} → K or, equivalently, a surjection f : F → K Q . Ker(f ) is a torsion free sheaf on X which has the same formal completion as F at each point of Sing(X). Following [14] and [1] we will say that Ker(f ) is obtained from F making a negative elementary transformation supported by Q and that F is obtained from Ker(f ) making a positive elementary transformation supported by Q. Indeed, since Q ∈ X reg , the local to global spectral sequence for the Ext-functors shows that F is uniquely determined by the choice of Ker(f ) and of a linear surjective map from (Ker(f )|{Q}) * to K. More generally, we may take an integer x with 0 < x ≤ r and a linear surjective map h(Q) :
is a torsion free sheaf with deg(Ker(h)) = deg(F ) − x. We will say that Ker(h) is obtained by a negative elementary transformation associated to the (r − k)-dimensional subspace Ker(h)|{Q} of F |{Q}. The sheaf Ker(h) may be obtained from F making x suitable negative elementary transformations supported by Q.
The proof of the following key lemma was inspired by the proof of [12] 
for all t. Set U := F t |{Q} (seen as a k-dimensional linear subspace of the vector space E|{Q}) and let V be any complementary codimension k linear subspace of U in E|{Q}. Call V the skyscraper sheaf on X supported by Q and with (E|{Q}/U ) as fiber. Let E be the subsheaf of E obtained from E making the negative elementary transformation corresponding to the natural surjection E → W . Since U ∩ V = {0}, V induces a unique linear subspace V of E |{Q} with dim(V ) = r − k. Call E the subsheaf of E obtained from E making the negative elementary transformation corresponding to V . Since U + V = E|{Q} we have 
a contradiction. Now we assume that the family of fibers {F t |{Q}} t∈T is constant. This implies that the restriction of the family {F t } t∈T to the first infinitesimal neighborhood of Q in X is constant. We repeat the construction finitely many times until the corresponding family of fibers over Q is not constant. Since the family of subsheaves {F t } t∈T of E is not constant and a saturated subsheaf, F , of E is uniquely determined by the completion of the inclusion of F in E at Q, it is obvious that after finitely many steps the family of the fibers over Q of the corresponding subsheaves is not constant. At that time using the first part of the proof we will obtain a rank r sheaf E 1 and a family of rank k subsheaves {F 1t } t∈T of E 1 which does not compute s k (E 1 ), i.e. such that there is a rank k saturated subsheaf
). E 1 is obtained from E making a sequence of negative elementary transformations. Making in the reverse order the inverse positive elementary transformations and taking at each step the saturation of
Since the Grassmannian G(k, r) has dimension k(r −k), Lemma 1.2 gives at once the following result. Corollary 1.3. Let X be an integral projective curve and E a rank r torsion free sheaf. Fix Q ∈ X reg . For every integer k with 1 ≤ k ≤ r − 1 the algebraic set of all rank k subsheaves of E with maximal degree has dimension at most k(r − k) and for any such family {F t } t∈T the map from T into the Grassmannian
, an integral projective curve X with p a (X) = g and a torsion free sheaf E on X with rank(E) = r. Assume the existence of a flat family of rank k saturated subsheaves {F t } t∈T of E such that for every rank k subsheaf F of E we have F = F t (as subsheaves of E) for at most
Proof. Lemma 1.2 and Corollary 1.3 cover the case u = 1. Hence we may assume 
we copy the remaining part of the proof of Lemma 1.2 with trivial modifications. If for some integer i the fibers F t |{Q i }, t ∈ T , at Q i of these subsheaves are not constant, then in general we will not obtain a flat family of subsheaves of E and the integer deg(F t ) may depend on t. Assume that for every Q i these fibers are not constant. Then for at least one t ∈ T we have
Now we assume that the family of fibers {F t |{Q}} t∈T is constant. We repeat the construction finitely many times until the corresponding family of fibers over Q is not constant and we conclude as in the proof of Lemma 1.2.
Remark 1.5. The proofs of [9] , Prop. 2.1 and Cor. 2.2, work verbatim when X is a singular projective curve with arithmetic genus g ≥ 2. Hence every vector bundle on X is the flat limit of a flat family of stable vector bundles on X. Remark 1.6. Let E be a rank r torsion free sheaf. Fix an integer k with 0 < k < r and let A be a rank k saturated subsheaf of E with deg(A) maximal, i.e. computing s k (E). Set d := deg(E). The slope of a torsion free sheaf B is a rational number with rank(B) as denominators. Hence we have some restrictions on the denominators of µ(E) − µ(A) and hence on s k (E). Assume that we may apply 0.1 to E, i.e. assume that X has only smoothable singularities and that E is a flat limit of vector bundles. Then the inequality s k (E) ≤ gk(r − k) given by 0.1 may be refined in the following way (see [9] , Th. 4.4, or [10] , Cor. 3.13 and Remark 3.14). Let ε be the only integer with 0 ≤ ε ≤ r − 1 and
Proof of Theorem 0.1. By assumption there is a flat family of torsion free sheaves {E t } t∈T with T smooth integral affine curve and 0 ∈ E such that E 0 ∼ = E and E t is locally free for t ∈ (T \ {0}). By the properness of the subscheme of the relative Quot-scheme of parametrizing sheaves with fixed degree and rank, we have the lower semicontinuity of the Lange invariants, i.e. we have
Hence it is sufficient to prove the statement of 0.1 for a locally free sheaf. By Remark 1.5 every locally free sheaf is the flat limit of a family of stable vector bundles. Hence the proof just given shows that it is sufficient to prove 0. 
. Hence by the theory of the relative Ext-functor ( [3] or [10] ) and the openness of stability we obtain the claim, i.e. that for large b a general E ∈ V (r, d) fits in an exact sequence
with H and G stable vector bundles, rank(H) = k, rank(G) = r − k and deg(G) large. We fix any such large integer b and take as V (r, d) the non-empty open subset of the stable bundles fitting in such exact sequence (1) with H and G stable. The Quot-scheme of E at G has dimension
and hence by Lemma 1.4 we obtain s k (E) ≤ k(r − k)g, as wanted.
If X has only planar singularities, then every stable torsion free sheaf on X is the flat limit of a family of stable vector bundles ( [17] ). Hence Theorem 0.1 has the following immediate corollary.
Corollary 1.7. Assume that X has only planar singularities. For every rank r stable torsion free sheaf E on X we have s
However, if X has only smoothable singularities Theorem 0.1 has an easier proof which we want to give in detail because this particular case of 0.1 is sufficient to obtain Corollary 1.7.
Proof of Theorem 0.1 when X has smoothable singularities. By assumption there is a flat family of torsion free sheaves {E t } t∈T with T smooth integral affine curve and 0 ∈ E such that E 0 ∼ = E and E t is locally free for t ∈ (T \ {0}). By the properness of the subscheme of the relative Quot-scheme of {E t } t∈T parametrizing sheaves with fixed degree and rank, we have the semicontinuity of the Lange invariants, i.e. we have s k (E) ≤ s k (E t ) for general t ∈ T . Hence it is sufficient to prove the result for a locally free sheaf. Since X has only smoothable singularities, X is the flat limit of a flat family of smooth connected curves of genus g, i.e. there is a flat family of curves {X z } z∈Z with Z smooth affine curve and a ∈ Z with X a ∼ = X and X z smooth and connected for every z ∈ (Z \ {a}). Passing to a ramified covering of a neighborhood of a in Z and using induction on rank(E) one obtains easily the existence of a rank r vector bundle E on the total space of {X z } z∈Z with E|X a ∼ = E (up to the fixed isomorphism of X a and X). Again, by the properness of the connected components of the relative Quot-scheme of E over Z, we have s k (E) ≤ s k (E|X z ) for general z ∈ Z. Since X z is smooth for general z, we have s k (E|X z ) ≤ gk(r − k) by [15] , as wanted.
Proof of 0.2 and other examples
There is a good duality theory for finitely generated torsion free modules over a one-dimensional local Cohen-Macaulay ring R if we use the functor Hom(−, ω R ). In particular if M is such module, the natural map M → Hom(Hom(M, ω R ), ω R ) is an isomorphism. However, if R is not Gorenstein, i.e. if ω R is not locally free, the functor Hom(−, R) has not this biduality property and indeed for any local onedimensional Cohen-Macaulay ring there is a finitely generated rank 1 torsion free module M such that the natural inclusion M → M * * := Hom(Hom(M, R), R) is not surjective, i.e. such that M is not reflexive. When X is an integral projective curve local duality shows that the functor Hom(−, ω X ) has good biduality properties in the category of coherent torsion free sheaves and good behaviour with respect to the computations of degrees and hence of slopes. In particular E is stable (resp. semistable) if and only if Hom(E, ω X ) is stable (resp. semistable). If X is locally Gorenstein integral projective, then the same is true for the functor Hom(−, O X ), i.e. a torsion free sheaf is stable (resp. semistable) if and only if its dual is stable (resp. semistable). This is false if X is not locally Gorenstein (see Example 2.2). The aim of this section is to show the existence of several integral projective curves, X, on which torsion free sheaves may have pathological properties. In all examples there will be P ∈ Sing(X) such that X is not Gorenstein at P . We recall the following easy fact (see e.g. [2], Remark 1.14).
Lemma 2.1. Let X be an integral projective curve. Fix an integer d, P ∈ X, a finitely generated torsion free module M over the ring O X,P and a finitely generated torsion free module N over the completion O X,P . Then there exist stable torsion free sheaves A and B such that the localization of A at P is isomorphic to M and the completion of the localization of B at P is isomorphic to B and such that the restrictions of A and B to Y \ {P } are locally free.
Example 2.2. Let X be an integral projective curve such that there is P ∈ Sing(X) whose local ring R := O X,P is not Gorenstein. Let M be a finitely generated torsion free R-module which is not reflexive. Let A be a stable torsion free sheaf on X whose localization at P is isomorphic to M . Take Obviously E is semistable but E * * = A * * ⊕B is not semistable. Now we consider torsion free sheaves which are extensions of D by A, i.e. we consider exact sequences
By the local-to-global spectral sequence of the Ext-functors we have Ext Hom(D, A) ). Since A is locally free on X \ {P }, the sheaf Ext 1 (D, A) is supported by P . Take any extension (2) whose image in H 0 (X, Ext  1 (D, A) ) is zero, i.e. such that the corresponding extension of R-modules splits. Since A and D are locally free outside P and D is locally free, we obtain an exact sequence
, F * * is not stable. Now take any such F for which (2) does not split. Since h 1 (X, Hom(D, A)) = h 0 (X, Hom(Hom (D, A) , ω X )) by Serre duality and h 0 (X, Hom(Hom (D, A) , ω X )) = 0 by Riemann-Roch, there exists such an extension. We want to check that F is stable and hence that F gives the example we were looking for. To simplify the arithmetic we will check the stability of F when deg(A) = 0. In order to obtain a contradiction we assume the existence of a proper subsheaf There exists an integral projective curve X with p a (X) = g, card(Sing(X)) = 1, X analytically unibranch at its singular point, P , such that there exists a rank 2 torsion free sheaf E on X fitting in an exact sequence Proof. Fix a pair (X, P ) with P ∈ Sing(X); later, we will give explicitly O X,P . Take any rank 2 torsion free sheaf E which fits in an exact sequence (4) (even the splitted one) with the following properties:
M. Maruyama proved in [13] , Prop. 3.14, that on a smooth curve of genus g ≥ 2 every rank 2 vector bundle E with s 1 (E) has infinitely many (indeed ∞ 1 many) rank 1 subbundles with maximal degree (see e.g. the introduction of [12] ). This is not true for singular curves.
Theorem 2.6. Fix an integer g ≥ 9. There exists an integral projective curve X with g = p a (X) and P ∈ Sing(X) such that there exists a rank 2 torsion free sheaf G on X, G locally free on X \ {P } and such that s 1 (G) = g but E has only finitely many rank 1 subsheaves computing s 1 (G). X has embedding dimension 3 at P and we may find one such curve X with X \ {P } smooth.
Proof. We divide the proof into two parts.
Part (a). Here we take any projective integral curve X of genus g ≥ 3 and any P ∈ X; we will need only the case P ∈ Sing(X). The aim of this part of the proof is the construction of a rank 2 vector bundle G on X with certain properties listed in the First Claim below and at the very end of this part. Let G(X, d) be the set of all rank 1 torsion free sheaves,
For any rank 2 vector bundle F on X, let S(F, t) be the set of all saturated rank 1 torsion free subsheaves of F with degree t. Using Clifford's theorem proved in [6] it is easy to check that for every integer d with 0
Hence by semicontinuity we obtain that for general A, M ∈ Pic Second Claim:
(ii) A and M are the only subsheaves computing
Notice that for d = g − 2 and k = 1 the Second Claim gives the First Claim.
Proof of the Second Claim. We will check by induction on d the three assertions of the Second Claim for all integers k. 
Hence we obtain the Second Claim.
By induction on d we may even assume that for all integers d with 0 ≤ d ≤ g − 2 every saturated rank 1 subsheaf L of G(d) with deg(L) = 1 has as fiber L|{P } at P a one-dimensional linear subspace of the two-dimensional vector space G(d)|{P } which is different from the fiber A|{P } ∼ = K of A at P and that the same is true for all except finitely many ones of the rank 1 saturated subsheaves of degree 0.
Part (b). Now we assume that X has a singular point P such that O X,P is isomorphic to the local complete domain constructed in Example 2.5 and such that the corresponding ideal I with I * * free and dim K (I * * /I) = 2 is algebraizable. Take the vector bundle F given by Part (a). Up to a twist by a line bundle we may assume that F fits in an exact sequence
with A ∈ Pic(X), B ∈ Pic(X), deg(A) = 2 and deg(B) = g. Take the completion F P and B P of F and B at P and identify F P with O X,P ⊕ O X,P in such a way that the second factor goes isomorphically onto B P . Then see I as an ideal of the first factor with bidual isomorphic to that factor. Since I is algebraizable, there is a subsheaf E of F with F/E skyscraper sheaf supported by P , deg(F/E) = dim K (O X,P /I) > 0 and with E formally isomorphic to O X,P ⊕ I at P . By construction the exact sequence (5) We have deg(E) = g and G ∼ = E * * . By construction the extension (6) induces a trivial extension at P . We claim that s 1 (E) = g and that E has only finitely many degree 0 rank 1 subsheaves. Since deg(D) = 0, we have s 1 (E) ≤ g. Take a rank 1 torsion free subsheaf R of E computing s 1 (E); if deg(R) = 0, assume R = D (as subsheaf of E, not just non-isomorphic to D as abstract sheaf). Since F is locally free and G ∼ = E * * , the inclusion R → E induces an inclusion R * * → G. Since s 1 (G) = g − 2, we have deg(R * * ) ≤ 2. By part (ii) of the First Claim and the last property of G given in Part (a) none of the saturated subsheaves of G with degree 2 or 1 are subsheaves of E, while this may be true only for finitely many degree 0 saturated subsheaves.
Proof of Theorem 0.2. Fix a triple (X, P, G) satisfying the thesis of Theorem 2.6. Fix Q ∈ X reg and let E be the general torsion free sheaf obtained from G making a negative elementary transformation supported by Q. Hence E is a subsheaf of G and G/E is the skyscraper sheaf of length 1 with Q as support. Let L be a rank 1 saturated subsheaf of E computing s 1 (E). Let L be the saturation of L in G. Since 
